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6. INTRODUCTION 
This paper is a continuation of a previous paper in this Journal with the same 
title by H. Jager and C. Kraaikamp, see [Jager, Kraaikamp]. The enumeration 
of sections and theorems is continued here. 
In 1945, B. Segre proved in [Segre] the following theorem on asymmetric 
diophantine approximation, using a geometric method. 
(6.1) THEOREM (Segre, 1945). Let 5 2 0 and let ( be a real irrational number. 
Then there are infinitely many rational numbers p/q such that the following 
inequalities 
are satisfied. 
After Segre, proofs of (6.1), or generalizations of it, based on continued 
fractions have been given by several authors. Of these we mention: 
(6.2) THEOREM (LeVeque, 1953). Let r?O and let < be a real irrational 
number, with regular continued fraction expansion [ao; a,, . . . . a,, . ..I. Let 
(p,/qJnk _ , be its sequence of regular convergents, see also section 1. Then 
among the three convergents pi/qi, i = 2n - 1,2n, 2n + 1, with n ~1, at least 
one satisfies 
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See [LeVeque]. For triples i = 2n, 2n + 1,2n + 2 LeVeque derived a similar 
result. 
(6.4) THEOREM (Sziisz, 1973). Suppose that 0 < T 5 1 and that for some n we 
have 
1 
a n+22--. 
r 
Let 0, be defined by 
e_~=k!J3, see also (1.2). 
n 
Then at least one of the inequalities 
is satisfied. 
See [Szusz], theorem (2.1). 
In this paper we will give a short proof of a recent generalization of 
LeVeque’s theorem (6.2) by Jingcheng Tong, [Tong-l] and of its conjugate 
property. We then employ our method to give a generalization of Sziisz’ 
theorem (6.4) and to solve two problems posed recently by Tong, [Tong-21. 
7.GENERALIZATIONSOFTHETHEOREMSOFLEVEQUEANDSZijSZ 
In 1988, the following generalization of the 1953 result of LeVeque was 
published by Jingcheng Tong, [Tong-l]. 
(7.1) THEOREM (Tong, 1988). Let 510 and let [ be a real irrational number, 
with regular continued fraction expansion [aO; al, . . ..a.,, . . . 1. Let @,/qn)nk _ 1 
be its sequence of regular convergents and let n E N. Then among the three 
consecutive convergents pi/q;, i = 2n - 1,2n, 2n + 1, n 2 1, at least one satisfies 
the inequalities 
- j&T 4; 
l,<_‘< 1 1 (7.2) 
4i ja 9:’ 
See [Tong-l], theorem 4. 
We will show how this result can easily be obtained by the method developed 
in the first part of this paper, [Jager, Kraaikamp]. Moreover, our method also 
yields the conjugate property, by which we mean that from the three con- 
vergents pi/q;, i=2n - 1,2n, 2n + 1 at least one does not satisfy (7.2). We 
formulate our result in terms of the approximation coefficients 8,. 
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(7.3) THEOREM. Let TL 0 and let 5 be a real irrational number with regular 
continued fraction expansion [ao; al, . . . . a,, . ..I. Let @,/q,Jnz _, be its se- 
quence of regular convergents and let n E N. Then of the following three in- 
equalies at least one is satisfied and at least one is not satisfied: 
Since a 2n + 1 L 1, LeVeque’s theorem (6.2) is a direct consequence of theorem 
(7.3). 
(7.4) PROOF OF THEOREM (7.3). Put 
a:= j&A:= && 
Eliminating T we see that ((r, /I) lies on 
A2/32+4o~- 1 =o. 
A :=a2,,+] and 
the hyperbola 
This hyperbola goes through two of the vertices of Vi, the set defined in 
section 1, viz. 
(0, i) and (2, -&). 
The first point corresponds with T = 0, the second one with T = A + 1. For a 
picture of V;1 and the hyperbola, see figure 3. 
Suppose that rrA + 1. From the definition of Vi and (1.5) we have that 
(O,,_ t, f%,,) E Vi. But then it follows at once from picture 3 that 
92n-,<a and O,,,>p 
and the assertion of the theorem is proved. 
I=0 
0 A A+1 
A+1TGf 
1 
Fig. 3. 
6.5 
Next, assume that 0 5 r<A + 1. Suppose that we have 
either 
(7.5) ezn-,<t2 and e,,<p 
or 
(7.6) $,_,>a and &>/3. 
Then we note, that since (a, p) E VA we have, with the f from section 2: 
Using (1.8) and (2.2), supposition (7.5) leads to 02n+l =f(e2+t, e,,)> 
>f(a, p) = a, whereas (7.6) yields f32n+, =f(e,,_ 1, e,,) <f(a, f3) = a. + 
The line of argument of (7.4) can easily be adapted to prove the following 
generalization of Sziisz’ theorem (6.4). 
(7.7) THEOREM. Suppose that r> 0, A E N and that for some n E IN we have: 
A 
a =--. n+2- 
r 
Then at least one of the following three inequalities 
is satisfied. 
In case 
A 
a n+25-- 
5 
at least one of the inequalities from (7.8) is not satisfied. 
(7.9) REMARK. For A = 1 we have Szusz theorem (6.4), whereas r= 1 and 
A = a, + 2 yields 
(2.3) min co,, e,+ r, en+2I < 
& 
and 
(2.4) ma {en,en+lyen+2)> 
$a&’ 
for n .5 LJ, see section 2. 
(7.10) PROOF OF THEOREM (7.7). Put 
a:=a,+,, a:= 
&z PI= &LG* 
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Fig. 4. 
Notice that the reflection in the line a =/I yields the situation described in (7.4). 
Eliminating r we thus find that (a, /3) lies on the hyperbola 
A2a2+4ab- 1 =O, 
which goes through two of 
section 1, viz. through 
the vertices of HA, with HA the set defined in 
A+l\ 
Again the first point corresponds with T = 0, the second one with T = A + 1. For 
a picture of Hi n V; and the relevant part of the hyperbola, see figure 4. 
Notice that 
We moreover have that 
l+A(l+a) A l+Aa 
(l+& <a< a2 . 
Since (0,, on+ 1) E VA we see at once from figure 4 that 
l+Aa 
9,<a or e,,, <p, in case r> - 
a2 
and 
&>a or &+t >p, in case tl 
1 +A(1 +a) 
(1 +a)2 . 
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Therefore we may assume that 
1 +A(1 +a) 1 +Aa 
(1+a)2 <r5 a2 ’ 
Then we have 
(a, P) E K. 
Now suppose that 
(&>a, &+r>P. 
Since en+2 =f (e,, 8,+ ,), where f is defined as in section 1, we have, due to 
(2.2): 
&+2<a 
if 
f(a, P) 5 a, 
that is, if 
A 
a n+22 -. 
r 
Analogously, if we suppose that 
e,<a, &+l<P 
then 
&+2>a 
if 
8. SOLUTION OF A PROBLEM POSED BY JINGCHENG TONG 
From theorem (6.2), LeVeque concluded that among five consecutive regular 
convergents there is always at least one which satisfies the inequalities (6.3). 
Moreover he showed that the number of five can not be reduced to three for 
a general s>O. Notice that from (6.2) it at once follows that instead of five, 
four consecutive convergents already suffice, a fact overlooked by Sztisz, 
[Sztisz], p. 371, as well as by Tong, [Tong-l], p. 116. 
A natural question is now, see [Tong-21 PROBLEM I, p. 202. 
“Find all the values of r such that for any real irrational number r, 
at least one of any three consecutive convergents satisfies the in- 
equalities (6.3)“. 
This problem is solved, due to theorem (6.2) once we have answered the 
following question: 
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“Let e be a real irrational number. For which r > 0 does at least one 
among the three consecutive convergents pi/Qi, i = 2n,2n + 1,2n + 2, 
n 2 1, satisfy condition (6.3)?” 
As we presently will show, the answer to this question is: ‘SL 1. This answer is 
contained in the following theorem. 
(8.1) THEOREM. Let t=r 1 and let < be a real irrational number. Then from 
the three consecutive convergents pi/qi, i = n, n + 1, n + 2, n L 1, at least one 
satisfies the inequalities 
In case 0 < r < 1 there exist an irrational number < and a positive integer n such 
that pi/qi does not satisfy the inequalities (6.3) for i = 2n, 2n + 1,2n + 2. 
PROOF. In case rz 1 it at once follows from theorem (7.7) with n even, 
A =a,+z, nz 1 that at least one of the three consecutive convergents pi/qi, 
i=n, n + 1,n + 2 of < satisfies (7.2). This in combination with theorem (7.1) 
gives the first assertion. 
Let d be the interior of the triangle in the (a,P)-plane with vertices (O,O), 
(1,O) and (0,l). For all r the sequence ((0, _ r, f?,)),, 1 is a sequence in d . We 
shall need the fact that for almost all r, in the sense of Lebesgue, this sequence 
is distributed over d with a positive density. That this is indeed the case follows 
from a result of H. Jager who showed that the sequence in question is for 
almost all < distributed according to the density function d, where 
1 1 
d&P):= - 
log 2 /mp ’ 
see [ Jager] . 
Put 
1 
a:= ___ /3:= &-&, 
i-i-x 
hence (a,p) is lying on the hyperbola 
a2+4a/?- 1 =o. 
A simple calculation shows that for a E N we have 
( a+2 a+1 Tel,:= ___ - (a+1)2’ a2 1 e(a,/-QE G 
r= + e(a,/3)E V; andf(a,p)=a, 
* (a, P) E C and f (a, P) > a, 
69 
7E(+, F] * (a: PI E C and f(a, PI < a, 
where f is again the function defined in section 2. 
First let 
r~(&~, +), for some aEN. 
From figure 5 we see that there is an open subset of I’: on which the first 
coordinate is larger than a, the second is larger than p and on whichf(a, /I) > a. 
For these values of 7 the statement of the theorem is now proved. 
Finally, let 
7+, 5-3 
We consider two cases; (i): a> 2; (ii): a=2. We need not consider a= 1 because 
in this part of the theorem we have 0< r< 1. 
(i): In case a>2 we have the situation depicted in figure 5. 
We note that 
where (a- 1)/a is the first and l/a is the second coordinate of the lower right 
hand vertex of V&2. Furthermore we have, on using (2.1) and 
Fig. 5. 
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From this we see that there is an open set in the lower right hand part of I-‘;_, 
on which the first coordinate is larger than (Y, the second is larger than /? and 
on which f(a; /3)> a. The positivity of d now yields that there exists a point 
(fi,,, e2n + I 1 with b, > a, OZn + 1 > p such that e2n + 2 = f (e2n, ezn + 1) > a. 
(ii): The case a = 2. Since T E [j, $1 we have 
)sasfl/?j 
and thus 
+5a<+. 
The intersection of the borderline 4X+ Y= + of Vi and Vi and the line X= a 
is the point 
(a, II;‘+:>. 
Now consider the point 
see also figure 6. 
Since 
f(+++,y+f)=a 
0 1 f 1 I 
1 -5 
Fig. 6. 
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we see from (2.2) and the positivity of d that there is again a point (&, t&+ i) 
with B,,, > a, &,, + , >P and ez,+2=f(e2n,e2n+,)>a. + 
(8.3) REMARK. Since a n+22 1, it follows that theorem (8.1) not only con- 
tains the answer to Tong’s problem, but also contains the answer to the fol- 
lowing problem, which arises naturally in view of theorem (7.1): 
“Find all the values of r such that for any irrational number <, at least 
one of any three consecutive convergents satisfies the inequalities 
(7.2)“. 
We see that both in case of Tong’s problem and the above problem the answer 
is rzl or r=O. 
We conclude this section with the following theorem, which states that al- 
ready two consecutive convergents of an irrational number < are sufficient to 
obtain at least one rational number p/q satisfying 
5 1 
(8.4) - ___ - 
J/G% q2 
here r> 0. 
(8.5) THEOREM. Let rr0 and let r be a real irrational number, with 
1; 
4 
07,/q,),, _ I its sequence of regular convergents. Then at least one of the fol- 
lowing four rational numbers 
P,il-P, Pn Pn+l Pn+l +Pn 
9 , 
qn+1-4” 4n 4n+l ’ 4n+l fd 
where n E N, satisfies the inequalities (8.4). 
PROOF. Suppose that neither p,,/q,, nor p,, l/qn+l satisfies (8.4). 
In case n is odd we automatically have that (B,, 8, + i) lies above the hyper- 
bola from the proof of theorem (7.3) with A = 1, from which it follows that 
a, + 2 = 1. But this means that 
is the next convergent and the statement follows from LeVeque’s theorem (6.2). 
In case n is even, (e,, 0,+,) lies above the hyperbola 
theorem (8.1), from which it follows that (e,, &,+,)EH; 
an+l= 1. 
This means that 
Pn+l -Pn 
Qn+l--4n 
from the proof of 
(see section l), i.e. 
is the preceding convergent and again the theorem follows from theorem (6.2). 
4 
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9. SOLUTION OF ANOTHER PROBLEM POSED BY JINGCHENG TONG 
In 1947, R.M. Robinson proved the following theorem, see [Robinson]. 
(9.1) THEOREM (Robinson, 1947). Given any real irrational number < and 
any positive number E, there exist infinitely many rational numbers p/q which 
satisfy the inequalities: 
(9.2) 
1 1 1 1 
- - - 
1/S-& q2 
<yP<-_ 
q l/s+1 42’ 
Tong recently showed, [Tong-21, that if one takes E not to small, i.e. 
&> 20-7k5 =o 869504 
5 * ***’ 
then the inequalities (9.2) are satisfied by at least one out of any three conse- 
cutive convergents of <. He also poses the natural question of finding the 
infimum of those values of E such that for any irrational number <, at least one 
of any three consecutive convergents satisfies inequality (9.2). 
As we will show presently, this value is 9(21/5- 3) = 0.736067 . . . . 
Our method of proof will also yield the infimum of those values of E for 
which (9.2) is satisfied by at least one out of any two consecutive convergents. 
This value is 
41/j-5 
~ =0.788854... . 
5 
(9.3) THEOREM 
(i): Let 
21/5-3 
OS&< ~ 
2 . 
Then there exists an irrational number < and a positive integer n such that 
pi/qi does not satisfy 
1 1 
(9.4) 
1 1 
- - - 
1/S-&q; 
<~_E<-- 
qi l/s+1 4; 
for i=2n- 1,2n,2n+ 1. 
(ii): Let 
26-3 
2 
5&<4+5 
5 * 
Then for all irrational numbers r at feast one of any three consecutive 
convergents of < satisfies (9.4). 
(iii): Let 
46-5 
5 
I&< 6. 
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Then for all irrational numbers < at least one of any two consecutive 
convergents of < satisfies (9.4). 
(iv): In (iii), the number 
46-5 
5 
can not be replaced by a smaller constant. 
PROOF. (i): Put 
(9.5) a*:=&,/3*:=1/5~l. 
Since a *< 2/3, p * < l/3 we see from figure 6 that the region of points (X, Y) 
in A with X>a* and Y>/3* contains the lower right hand vertex (2/3, l/3) 
of V;. Now f(2/3, l/3) = 2/3 > a * and from (2.2) and the positivity of d we 
have that there exist irrational numbers [ and positive integers n such that 
(&_,,&JE Vi, with &_t>a*, &,,>/3* and &+t>a*. 
(ii): In order to prove the second assertion we consider two seperate cases. 
First we suppose that neither pzn _ , /q2,, _ 1 nor p2,Jq2” satisfies (9.4). Let a * 
and p* be defined as in (9.5). Since 
1 
+1a*<1-- ‘C/3*<+ 
l+l/s 4 
we see from figure 6 that the region of points (X, Y) in A with Xla*, YLP* 
forms a small triangle in Vi, on which f takes its maximum in (a*, p*). 
From 8 2n+l=f(e2n-1~e2n), e2n-I>a*7 e2n>P*, (2.2) and 
f(a*,fl*)rf(i, &)=0.2695...<+ra* * 
we derive that p2,,+ 1 /q2,, + 1 satisfies (9.4). 
Secondly we consider the case that neither p2,,/q2” nor p2,,+ I /q2n+ I satisfies 
(9.2). 
Now define 
a*._ .-1/5:l, +ap*:=-&-cl-a*. 
The region of points (X, Y) in A with Xra *, Yr/?* is now a small triangle in 
vi, on which f takes its maximum in (a *, /3 *), due to (2.2). Since 
f(a*,/I*)rf(&, +)=O.O61819...<JTf;i =a*, 
we see that ~~,,+~/q~,,+~ satisfies (9.4). 
(iii): From the definitions of v/ and A, see section 1 and from (1.5) it at once 
follows that 
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(9.5) O,, _ 1 + On < 1, for all irrational numbers < and all positive integers n, 
which implies the third assertion. 
(iv): Since v/ : 52+4 is surjective, we have that (9.6) can not be improved. 
This implies the fourth assertion. + 
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